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Abstract
A uniqeness result for direct sum decompositions into uniform objects is proved. The result is
shown to be equivalent to the classical Krull–Remak–Schmidt Theorem for decompositions into
indecomposable objects with local endomorphism rings.
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1. Introduction
In this note, we prove the following uniqueness result for direct sum decompositions
in abelian categories.
Theorem. Let A1; A2; : : : ; An and B1; B2; : : : ; Bm be uniform objects of an abelian cate-
gory. Suppose A = A1 ⊕ A2 ⊕ · · · ⊕ An and B = B1 ⊕ B2 ⊕ · · · ⊕ Bm are essentially
equivalent, that is, there are essential subobjects A′ ⊆ A and B′ ⊆ B with A′ ∼= B′.
Then n = m, and there is a permutation  such that Ai and B(i) are essentially
equivalent for every i = 1; 2; : : : ; n.
This result is motivated by a slightly dierent but closely related uniqueness result
due to Diracca and Facchini [1]. They consider another equivalence relation dened on
objects, namely they say that two objects A and B belong to the same monogeny class
if there exist two monomorphisms A→ B and B→ A. Then they prove the same result
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as above, but ‘essentially equivalent’ replaced by ‘belonging to the same monogeny
class’. In this note, we show that both results are consequences of the classical Krull–
Remak–Schmidt Theorem. The proof shows that the two results are related in the sense
that nite direct sums of uniform objects are essentially equivalent if they belong to the
same monogeny class. It is interesting to note that the above theorem and the classical
Krull–Remak–Schmidt Theorem are equivalent in the sense that each can be derived
from the other one.
2. The proof
The strategy for the proof of the theorem is to embed our abelian category into
an abelian Grothendieck category which has injective envelopes. The following lemma
shows that this is possible.
Let us recall a few denitions. An object of an abelian category is uniform if it is
non-zero and if any two non-zero subobjects have a non-zero intersection. A subobject
of an object is essential if it has a non-zero intersection with every non-zero subobject.
Finally, recall that a category is small if the isomorphism classes of objects form a
set.
Lemma 1. Let C be an abelian category and C′ be a small subcategory. Then there
exists a full abelian subcategory D ⊆ C which is small and contains C′. Moreover,
there exists an abelian Grothendieck category A and a fully faithful and exact func-
tor D → A. This functor sends uniform objects to uniform objects, and it sends
essential subobjects to essential subobjects.
Proof. We construct D as the countable union
⋃∞
i=0Di of small full subcategories.
Let D0 be the full subcategory formed by all nite direct sums of objects in C′, and
let Di+1 be the full subcategory formed by all kernels and cokernels of maps in Di.
Clearly, D=
⋃∞
i=0Di is abelian and the embedding D→ C is exact.
Denote by Lex(Dop;Ab) the category of left exact functors Dop → Ab into the
category of abelian groups. This is an abelian Grothendieck category and the functor
F :D→ Lex(Dop;Ab); C → HC =Hom(−; C)
is fully faithful and exact; see [2]. Yoneda’s Lemma shows that the representable
functors in Lex(Dop;Ab) form a set of generators. This implies that every non-zero
subobject U ⊆ HC of a representable functor has a non-zero subobject HD ⊆ U for
some D∈D. Therefore, F preserves uniform objects and essential subobjects.
We say that two objects A and B of an abelian category are essentially equivalent
if there exist essential subobjects A′ ⊆ A and B′ ⊆ B such that A′ ∼= B′. Note that this
denes an equivalence relation on the class of objects. This follows from the fact that
the intersection of two essential subobjects is essential again, and that a composition
of two essential monomorphisms is essential.
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Lemma 2. Let A and B be objects of an abelian category and suppose their injective
envelopes E(A) and E(B) exist. Then A and B are essentially equivalent if and only
if E(A) and E(B) are isomorphic.
Proof. Suppose A and B are essentially equivalent, and let A′ ⊆ A and B′ ⊆ B be
essential subobjects with A′ ∼= B′. Then we have
E(A) ∼= E(A′) ∼= E(B′) ∼= E(B):
Conversely, let E(A) ∼= E(B). Viewing this as an identication, we put U = A ∩ B.
Note that U is an essential subobject of A and B. Therefore, A and B are essentially
equivalent.
We are now in the position to prove the theorem.
Proof of the Theorem. We may assume that we are working in an abelian Grothendieck
category, thanks to Lemma 1. This means that every object has an injective envelope;
see [2]. Now suppose that A = A1 ⊕ A2 ⊕ · · · ⊕ An and B = B1 ⊕ B2 ⊕ · · · ⊕ Bm are
essentially equivalent. Thus, we have E(A) ∼= E(B), by Lemma 2. In fact, we have
two direct sum decompositions
E(A1)⊕ E(A2)⊕ · · · ⊕ E(An) ∼= E(A) ∼= E(B) ∼= E(B1)⊕ E(B2)⊕ · · · ⊕ E(Bm):
The injective envelope of a uniform object is indecomposable and has a local endo-
morphism ring. Thus, we can apply the classical Krull–Remak–Schmidt Theorem. We
obtain n= m and a permutation  such that E(Ai) ∼= E(B(i)) for every i = 1; 2; : : : ; n.
Thus, Ai and B(i) are essentially equivalent for every i, again by Lemma 2. To com-
plete the proof, we need to show that Ai and B(i) are essentially equivalent in our
original abelian category. However, this follows from the simple observation that any
non-zero subobject of a uniform object is essential. This nishes the proof.
The idea of the preceding proof leads to an alternative proof of the theorem of
Diracca and Facchini [1]. Let us recall their result. Given a direct sum X = X ′ ⊕ X ′′,
we denote by X ′  X the canonical injection and by X  X ′ the canonical projection.
Theorem (Diracca and Facchini). Let A = A1 ⊕ A2 ⊕ · · · ⊕ An and B = B1 ⊕ B2 ⊕
· · ·⊕Bm be direct sums of uniform objects of an abelian category. Suppose there are
monomorphisms  :A→ B and  :B→ A. Then n=m, and there are monomorphisms
Ai → B(i) and B(i) → Ai for every i=1; 2; : : : ; n and some permutation . For every
i, the map Ai → B(i) can be chosen as the composite
Ai  A
→B B(i):
Proof. We keep the set-up from the previous proof. Extend  and  to maps ′ :E(A)
→ E(B) and  ′ :E(B) → E(A). Clearly, ′ and  ′ are split monomorphisms and,
therefore, isomorphisms by the Krull–Remak–Schmidt Theorem. In particular, n = m,
and there are permutations  and  such that the composites
E(Ai) E(A)
′→E(B) E(B(i)) and E(Bi) E(B)  
′
→E(A) E(A(i))
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are isomorphisms for every i = 1; 2; : : : ; n. It follows that the composites
i: Ai  A
→B B(i) and  i: Bi  B  →A A(i)
are monomorphisms for every i = 1; 2; : : : ; n. We take for B(i) → Ai the composite
B(i)
 (i)−→A(i) (i)−→ · · ·
()n!−1(i)−−−−−→B()n!−1(i)
 ()n!−1(i)−−−−−→Ai
and this completes the proof.
We end this note by sketching the proof of the classical Krull–Remak–Schmidt
Theorem, using the uniqueness result for decompositions into uniform objects. To this
end let A1; A2; : : : ; An and B1; B2; : : : ; Bm be objects of an additive category which have
local endomorphism rings. Suppose that
A1 ⊕ A2 ⊕ · · · ⊕ An ∼= B1 ⊕ B2 ⊕ · · · ⊕ Bm:
Let  = End(A) be the endomorphism ring of A = A1 ⊕ A2 ⊕ · · · ⊕ An and identify
each direct summand X of A or B with the nitely generated projective -module
Hom(A; X ). Note that Hom(A; X ) has a unique maximal submodule if End(X ) is
local. Now consider the opposite of the module category of  and denote it by C.
This category is abelian and the Ai and Bi are indecomposable injective when viewed
as objects in C. Moreover, they are uniform because they all have a unique simple
subobject which is contained in any other non-zero subobject. This follows from the
fact that they have a unique maximal subobject when viewed as modules over . Now
apply the theorem. Thus n=m, and there is a permutation  such that Ai and B(i) are
essentially equivalent for every i=1; 2; : : : ; n. Using Lemma 2, one sees that Ai ∼= B(i)
for every i.
References
[1] L. Diracca, A. Facchini, Uniqueness of monogeny classes for uniform objects in abelian categories,
J. Pure Appl. Algebra 172 (2002) 183–191.
[2] P. Gabriel, Des categories abeliennes, Bull. Soc. Math. France 90 (1962) 323–448.
